5 The local SU(2);, ® U(1)y gauge invariance : interactions
The local SU(2) transformation, acting on the left-handed doublets only, is defined by
Vo U)¥, = 9072y, W 5T, U (2) =T, e 9@ 7/2 (5.1)
with UUT = 1, or, for an infinitesimal transformation,
. T — .= T
S, =igal) Tw, , 8%, =-ig¥,al) o (5.2)

where the 3 components of the real parameter a(z) are functions of the space-time coordinates. We
have introduced a coupling g associated to this transformation. Under the local transformation the

lagrangian density (4.15) is no longer invariant because of the derivative term in 0" (x)
— T — T
Lp =Y., {—g(0"a(zx)) - E}VM\IIEL + U, {—g(0"a(x)) - E}VM\I'qL (5.3)

To recover the invariance of Lp under this transformation one introduces a multiplet (a triplet) of
gauge vector fields WH(z) = (W{'(z), W§'(x), Wi (x)) and defines the covariant derivative operating
only on the left-handed fields :

DM =o' —igWh(z),  with  WH(z) = g WH(z). (5.4)

The transformation properties of W#(x) are chosen such that the lagrangian density

£F = W(iL-pL \I,GL +EQL EL \I/qL +E6R @ T/JeR +EuRﬁ qu +EdRﬁ 1/1dR (55)

is invariant under an SU(2) transformation. Since the right-handed fields are not affected by the
transformation it is enough to impose that D} ¥(z) transforms as ¥(z) to achieve the invariance of

the lagrangian:

(DEW(x)) = U(x)(Df¥(x)). (5.6)
Therefore,
(Dp¥(2)) = (DE)'U(x)¥(x)) = U(x) DL ¥(x), (5.7)
implies
(D) = Ula)DrU ™ (x), (5.8)

since it should hold for all ¥(x). Consequently, using O*U~t(z) = (0*U L (z)) + U~1(x)0*, one finds

(Df) = 0"+ U(x)(0"U™ ! (z)) — igU (x)W* (x)U ™ (), (5.9)
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which can be written as (D})" = 0" — igWW'"(z) with
W (z) = ;U(:L")(@“U_l(:n)) + U (2)WH () U~ (2) (5.10)

Restricting to the infinitesimal transformations eq. (5.2), one obtains

W (@) = WH(x) = IWH(z) = Dale) - — + ig [ex(a) - 5 WH(a)], (5.11)

which, in terms of SU(2) components, is equivalent to

6 WH(z) = 0Hai(x) — g €iji oy(x) W) (). (5.12)

spinor we have D;-J“U = UDY, hence eq. (5.8).

To construct the kinetic term of the gauge bosons W/ (z) we first consider, as in QED, the tensor
Fi (@) = [D(z), DL ()] (5.13)
Using Leibnitz rule 0,W} (z) = (0, W/ (x)) + W} (x)0,, it is easy to show that the tensor is given by
FH (x) = O*W" (x) — O"WH(x) — igWH (x), W" (2)] (5.14)

or in components

F{" () = "Wy () = 0"W[(x) + g eijr W) (@)W (). (5.15)

The transformation property of F#”(z) is obviously the same as that of DY, eq. (5.8), and we have
then F * (x) = UF* (x)U~! so that

TeFH (1) Fou () = 5 1 () Fy (1) (5.16)

is a Lorentz scalar invariant under a gauge transformation by the property of cyclicity of the trace.
Furthermore it has the right dimension to be the kinetic term of the W} bosons. The lagrangian of
left-handed fields becomes then :

1

Lr, 1

Fiuy(:n)FiuV(x) + EeLZ.Dg'WL\IJBL + EQLZ.DgVH\IJQL' (5.17)

where each of the three terms is invariant under a local SU(2) transformation. We note at this point
the perfect analogy between the construction of the “weak” lagrangian with that of QCD: the differ-
ences are in the choice of group which requires here only three vector bosons while for SU(3) symmetry

eight bosons had to be introduced. Also, the SU(2) group acts only on the left handed components
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of the fields and consequently the W (z) gauge bosons do not couple to the right handed fermion

(2

components.

We now make the U(1)y gauge transformation local. It is defined by

e q
O, =ig "EB(x) Weyy Oy, = ig "EB(x) Wy,
oe, = igl%5($) €rs
Yy ye
OUp = ig/?Rﬂ(:E) Upg; odp = ig/?Rﬂ(:E) dp, (5.18)

with ¢’ the coupling associated to the U(1) transformation. To keep the invariance of the lagrangien
requires the introduction of another vector boson B, () to which are associated covariant derivatives
generating couplings of B, (z) to fermions. Because the fermions carry different hypercharges we
introduce covariant derivatives appropriate for each right-handed field : acting on field ¢, (¢ = e, u,d)

it is?

W . yd)R
DwR = (9“ —1g T BM, (519)

while for the left handed fields the covariant derivative eq. (5.4) acquires a new piece and becomes :

"
DZL:au_ig;Wu_ig’%Bw (5.20)

The stress-energy tensor of the new vector field is simply :

KH (z) = oM BY(x) — 0" BH(x) (abelian field). (5.21)

In summary, the initial free lagrangian eq. (4.15) becomes, after imposing a SU(2) local symmetry
on the left-handed fields and an appropriate U(1) invariance on both the left-handed fields and a
right-handed ones,

1 1
L=Lo + Lr =~ Fuls) B (@) = 1 Kule) K@)
+ EEL Z‘@GL \IIEL +W‘1L Z‘@QL \I/qL—|—
+ Cp i Py e+ i Py up +dy i Dy, dy (5.22)

where only the (e,v.) and (u,d) quark family has been specified. It is important to point out that

the SU(2)r, ® U(1)y invariance imposes that all fermions are massless. Indeed a fermion mass term

"'The left and right covariant derivatives generically defined as D%, D¥ are now denoted Dy, -, Dy, since they depend
L R
on the quantum numbers of the fermion fields v, , ¥ .
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in the lagrangian would have the form
Loass =m Y =m(¥ i, + ¢,V ). (5.23)

But since ¥, is a doublet and ER a singlet under SU(2), the mass term cannot be invariant under a

gauge transformation!

It is useful to separate the lagrangian density eq. (5.22) into a free part

Lor+ Lo = Ve, i U, +Vy, i PVy, + € i Pe,+Uyi du,+d,idd, (5.24)
_i[(auWV(x)_aVWu(x)) (O"WY () = 0"WH(x)) + (9 By (x) =0, Bu(x)) (9" B (x)— 8" B*(x))],

and an interacting part containing all terms depending on the couplings g and ¢’. It contains two
classes of terms : one describing the fermion-gauge bosons interactions (which can be expressed very

easily in terms of the currents introduced above) and the other the W boson self interactions
Iy (@)
Lir+Lic = gJ*(z) Wyu(z)+yg 5 By(z) (5.25)

2

—ge,-jk(auww(x) — 0, Wi ()W ()W () — gze,-jkwjﬂ(x)wky(x) €itm W/ (2) W ()

with J# the weak isospin current of eq. (4.20) and Ji the hypercharge current of eq. (4.24). One
recognizes in the sum of these two terms the expression which lead to the construction of the electro-

magnetic current in eq. (4.25).

5.1 Fermion-boson interactions, construction of the photon and the Z boson

We turn first to the fermion-W*# interaction. It is read off from L;r and is simply

g 3"(z) - W, (z) =

NGRS

(EeL/yuTi\IjeL + EqL’YMTi\Iqu) Wi,u- (5.26)

Defining the charged vector fields

Hx W (z
(WHH(x) = it )j§W2( ))’ with (W) (z) = (W™)"() (5.27)

their interaction with the fermions can be easily obtained from the charge changing part of the currents
(Ji(z), J§(x)) in eq. (5.26) and we find

Lip(charged current) = (Te, Y e, Wj +u,v"d, W: + h.c.) (5.28)

g

B

= T (1 =) e WS + " (1 —75) dW, + h.c.), (5.29)

3
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which is now expressed in terms of the usual fermion fields v., e, u, d. One can thus read off the W+
coupling to fermions : using standard techniques it is found to be —i(g/2v/2)7,(1 —~s), coupling with
the same strength to all fermion species. (Note the relation g/2v/2 = g, of eq. (2.16)).

Turning now to the neutral vector bosons sector one has two pieces : one originates from the SU(2),
invariance, namely gJ§Ws, contained in eq. (5.26), and the other one from the U(1)y invariance,

g JiB,,. From eq. (5.25) we can read off the neutral current interaction lagrangian which is
1
L1r(neutral currents) = gJ§'Ws, + g'iJ{ﬁBu (5.30)

Note that the photon cannot be identified to the W3, field because of the 5 term in the coupling
nor to the B, boson because of the different charge assignment for the left and right component of a

fermion field. The photon will be constructed as a linear combination of both. Thus, introducing the
fields A, and Z, such that

B* = cosf A* —sinf ZH
Wi = sin® A" + cosf Z*, (5.31)
with 0 an adjustable parameter, one finds
1 1
L1p(neutral currents) = (gsin8J5 + ¢ cos 95‘]#)14# + (g cos 04 — ¢’ sin 9§J5)ZH. (5.32)
To construct the field A, as the photon field we should adjust the parameters to be such that
1
gsinJ + ¢ cos 0§J{; =eJbg (5.33)

where, by convention, e is taken as the charge of the proton. This can be achieved if we choose

gsinf =g cosf =e (5.34)

since, then, we recover eq. (4.26) which lead to eq. (4.25) for Jimg. With this choice, we have
JY /2 = Jhmg — J& which is used to eliminate in the coefficient of Z, the hypercharge current so that

the interaction lagrangien reads

e

Lr(neutral currents) = eJi . A, +

W(Jg‘ —sin® 0.J4,.) 2, (5.35)

defining the couplings of the photon A, (x) and the neutral Z,(x) boson to the fermions. Concerning

the Z, couplings we can be more explicit and derive them for a pair of fermions 1,1> of charge
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e1,e2 (normalised to the proton charge e) respectively, such that (¢11,v9r) forms a SU(2) doublet
(I =1/2) and 1, Yor are singlets (I = 0). Writing explicitely the currents J§ and J&,g, we have
from eq. (5.35):

m [@h V) ( e f)l e —-1/2 —Oe2 sin? >Z< z;z >
+(1, Vap) < - (S)inze e Sin20 >Z< iﬁﬁ ﬂ

- m [@1 ¥2) < 2 f)l e -1/2 —Oe2 sin? 0 )Z(l _275) < Zg >
R )53 )]

- m [@1 ) < v f)l e —1/4 —062 sin? § >Z< Z; >

—(4 E2)< 1(/)4 _?/4 )Z’Ys < z; >] (5.36)

The full neutral current interaction lagrangian density eq. (5.35) can then be written for one generation

~—

of quarks and leptons

e —_
— _e® = E _ 5.37
L;r(neutral currents) eeAe+ P y—— U7 (a;—by,) !l ( )

l=v,e

— € —
t+e Z eqqAq + mqgu:dQZ(aq_bq%)q

q=u,d

with

_Is
=2

Contrary to the photon which has a purely vector coupling to the fermions, the neutral gauge boson

a; = 53 — e;sin’ 6, b; (5.38)

Z,, has both vector and axial-vector couplings. We recall that with the choice of g = e/cos@ the

charged W, couplings are

Lr(charged current) = T (1 —5) e W, + 74" (1 —75) dW,T + h.c.), (5.39)

e
2v/2sin

These couplings are in agreement with those of the physical Z boson once the ”"weak mixing” or

Weinberg angle 6 (in fact introduced by Glashow!) is taken from experiment to be :
sin? 6 ~ .2313 . (5.40)

We herafter denote the weak mixing angle by 6, .
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e The covariant derivative in terms of the A,,7,, Wﬁt fields

It is useful, for later use, to have an explicit representation of the covariant derivatives eqs. (5.19)
and (5.20) in terms of the Wf, A, and Z,, gauge bosons. Although they can be read off the previous
discussion based on defining the electromagnetic current we construct them directly. For instance, the
covariant derivative eq. (5.20) acting on a SU(2) doublet of fields with hypercharge y4, the components

of which having electric charge (eej, ees), contains the piece
— ig%Wyw — ig’%Bu = —i|(gsin GW% + ¢ cos HW%)AH + (g cos HW% — ¢’ sin GW%)ZM (5.41)
For A, to be the photon one imposes the conditions
$(gsind,, + g'yscos,,) = e e G'ypcosb,, = e(e; + e2) g cosf, =e
= = (5.42)
%(—gsin@w—i-g/y(z)cosHW) =ee gsinf,, =e(e; —ex) =e gsinf,, =e,

where the rightmost equalities are a consequence, eq. (4.29), of the Gell-Mann/Nishijima relation.

Eliminating g, ¢, y4 in favour of e, 6, and the charges one finds

. T3 Y, (et 0 ie s —eisin®0,, 7, 0
ZQQW?’“ "9 2B“_ ze< 0 exdy sinf,, cos 6, 0 —1 —eysin?0,, 7,

Going back to the full expression, eq. (5.20), including the W/jc contribution, the covariant derivative

on a doublet field is

. e 0 W+ . €1A 0 )
D, =0, —i—=—— _ ) e K
TR /2sing,, <Wu 0 > < 0 e2dy

. e (% — ey sin? 0 )2, 0
— . 5.43
ZsinHW cos b, < 0 (—% —ezsin?0,,)Z, (5:43)

Since, by definition, W™ = WJ , from now on we use the notation W, = W, and Wj = W to
respectively represent the wave functions of the W~ and W™ gauge bosons.

The covariant derivative acting on a singlet ¢ is simply

.2
ee,sin” 0,

: w
sin®,, cosf,,

(5.44)

Du:(‘)u—ig’y?quM =0y —iee, Ay +i

5.2 Gauge bosons and their self-interactions

We already identified in eq. (5.24) the free gauge boson pieces Log and in eq. (5.25) the interacting

terms L;g. We now reformulate these expressions in terms of the ”physical” fields W, W), Z,, and
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A,. For this purpose we rewrite Log by doing an integration by part and neglecting, as usual, the

terms which are total derivatives, we find

Lo = W @D W (0) + L 5,(0)D B, (o), (5.45)

with D = OgM — 0#9”. This is rewritten in a matrix form

1 D0 Wi, 1 DH 0 W3,
‘COG - §(W1M WQM) ( 0 fD,uu > < WQM > + §(W3M Bu) ( O fD;w > ( BM . (546)
We go from the W3, B,, coordinates to the A, Z, coordinates by a rotation matrix R, eq. (5.31),

and since RTR = 1, we can immediately replace (W3, B,) by (A, Z,) in the equation above. Now

we go from the Wi, W, components to the charged W’s ones via the matrix O defined by

(h)-(% 4) (%)

which satisfies OTO = < (1) (1) > so that we can immediately write

Ny

sh-sh-
S

1 * v v * 1 v 1 v
Lo = 5Wil@)DH W, (@) + Wu(@) D" W (@)] + 5 Zu(@)D" Z, () + 5 A (@)D Ay ()
1 * v 1 * UV 1 v 1 v
- _ZICHVK:“ - ZICNVIC e ZICZ“VKZZH - ZICANVICA“ B (548)

where in the last line we have dropped a total derivative and where the K**, CH KK KK are re-

spectively the abelian-like stress-energy tensors, eq. (5.21), of the W=, Z, A gauge bosons.

We turn now to the interaction lagrangian density L;g eq. (5.25). Permuting p <> v,j <> k in the
term eijk&,Ww(:E)W]“(:E)Wk”(:E) one obtains

2
Lic = =9 €0 Wi (2) W] (2) W) (x) — %Eijka(w)Wku(m) €im W} (€)W, (). (5.49)

The term linear in g can be written

Wy, Wi Wy
—gdet| 9,Wy, WE WY |. (5.50)
0, Ws, WI Wy

Adding ixthe second line to te first one to reconstruct W and taking into account the fact that a

determinant is invariant when adding or subtracting lines (eventually multiplied by a constant factor)
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one obtains for the expression (5.50)

V20,W; V2WHH 2 V20,W; V2WHH 2w
—gdet| OWa  WH WY | = —hdet| 200, W, 2iWL  2iWy
0uWs,, wi Wy 0, W3, Wi wy
oWy W W
= dgdet| O,W, W+ WY |. (5.51)

o Ws, WL WY

The last equality is obtained by subtracting the first line from the second. Then using W3, =
sinf,, A, + cos,,Z, and the relation e = gsinf,, (eq. (5.34)), the above expression becomes
oWy Wre W

iedet| O,W, WH WY |+ie
oA, A AV

O W W W
Wodet| 9,W, Wr WV |. (5.52)
w 0.7, Zr  Zv

cos 0
sin 6

Expanding the determinant we find for the YW TW = vertex

—ie[0,W,;(WHAY — APWY) — 0, W, (W™ AY — AFW™) + 0, A, (WHWY — W™ HW™*)],  (5.53)
By assigning a definite index to each field, e.q. A, WP, W*?, the expression takes the usual form
i e [AMgPT (W,0\W; — Wi0W,) + WPgTNWi0,Ax — ArD, W) + W™ g (A\0, W, — W,05 Ay, (5.54)

and similarly for the ZW W™ vertex with the coupling ecosf,,/sinf,, instead of e. This defines all

tri-linear couplings among gauge bosons.

The term in g2 in the interaction lagrangian density eq. (5.49) is rather boring to expand. Using the

relation €;;x€1m = 0;10km — 0jmIki, it becomes

62
— g W @) W)W () - Wy () = W) - W ()W (1) - W ()]
62
= T isnlo (W Wio Wi Wio] 997 — 971 90) (5.55)

with the notation W#* - W, = EiWi” Wi.,. One obtains the vertex for the physical fields using
WH(z) - Wy(z) = WHWS + WHW, + (sin 6, A" + cos 0, Z")(sin 0, A, + cos 6, Z,)], (5.56)

so that eq. (5.55) becomes

e?

—m [WMW;WUW: + WMW;(sin 0, As+cosb,, Zy)(sinb,, A, +cos HWZ,,)] [g"* g"7 — "7 ¢"P]
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The antisymmetry of the [g"” g¥7 — gH? g”P] tensor combination kills the terms with only photons

and/or Z bosons. The self-couplings of gauge bosons are thus given by

Lig=
—ie[ANgP7 (W,00\W; — WEOAW,) + WPgAN(WED,Ax — Ax0,W2) + W* g™ (A0, W, — W,0,A,)]
+ {Ay = Z\, e—ecosb, /sinb,,} (5.57)
2
e

—m [WMW;WO—W; + W, W, (sin 0, Ay +cos 0, Z,)(sin 6, A, +cos HWZ,,)] [g"7g"7 — g"? g"P)
In conclusion, from eq. (5.49) one has two three-boson vertices W~W T, W~W*Z with derivative
couplings and four four-boson vertices W= WYW W+, W~ Wtyy, W-W*ZZ, W-W*~Z. The ab-
sence of vertices involving only 7’s and/or Z’s has its origin in the fact that they would arise from
the term g%e;33Ws,, () Way () €33WE (2)W (), in eq. (5.49), which is of course 0. Using "standard
methods” one can, from the expressions above, extract the Feynman rules for the couplings between

fermions and gauge bosons. It will not be done here as they can be found in books.

To summarize this rather technical section we count at this point 15 couplings in the model (for one
generation of fermions). One has:

- 9 fermion-fermion-boson vertices: éevy, €eZ, VeveZ, veeW ™, tury, tuZ, ddvy, ddZ, adW+

- 2 trilinear gauge bosons vertices : WTW —y, WTW~Z

- 4 quadrilinear gauge bosons vertices : W W W "W+, W Wty W WtZZ, W-WT~Z.

They depend only on two parameters e and 6, (and, of course, the fermion charges). It is obvious
that the symmetry properties of the lagrangien is quite constraining. The important fact is that
the relations between couplings derived above will be preserved by the mechanism of ”spontaneous
symmetry breaking” we are going to discuss. This is an important difference with a mechanism of

explicit symmetry breaking where these relations would have been lost.

5.3 Progress status and problems

Considering what has been achieved until now, one finds that the model based on the SU(2), @ U(1)y
symmetry contains four gauge bosons: two charged ones with (V' — A) couplings to fermions and two
neutral ones with couplings such that these bosons can be interpreted as the photon and the Z boson.
The “only” difference with the real world is that in the present state of development of the model
the gauge bosons are massless, because of the assumed exact gauge invariance and the fermions are

also massless because of the left-right asymmetry of the gauge group. Counting the bosonic degrees
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of freedom of the model one realizes that three degrees of freedom are “missing”, associated to the

longitudinal polarisation states of the heavy vector bosons as summarised in the table.

Model Real World
degrees of freedom degrees of freedom
transverse longitudinal transverse longitudinal
%% 2 0 W~ 2 1
w+ 2 0 w 2 1
Z 2 0 Z 2 1
ol 2 0 v 2 0

In order to complete the model one should therefore introduce at least three new fields in the la-
grangian. This will be done through a multiplet of scalar fields and it will be seen that, by the
mechanism of spontaneous symmetry breaking of local gauge invariance, some of the scalar fields

become the longitudinal polarisation states and correlatively the vector bosons acquire a mass.
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